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Abstract. We establish the main saturation conjecture in |BGS10| connected 
with executing a Brun sieve in the setting of an orbit of a group of affine linear 
transformations. This is carried out under the condition that the Zariski closure 
of the group is Levi-semisimple. It is likely that this condition is also necessary 
for such saturation to hold. 



1. Introduction 

The purpose of this note is to complete the program initiated in ' BGSlOj of devel- 
oping a Brun combinatorial sieve in the context of a group of afhne linear motions. 
As explained below, this is possible in part thanks to recent developments con- 
cerning expansion in graphs which are associated with orbits of such groups. We 
review briefly the set up in pGSlOj . Let F be a finitely generated group of affine 
linear motions of Q", that is transformations of the form (f) : x ^ Ax + h with 
A G GL„((Q) and h e Q". It will be convenient for us to realize F as a subgroup of 
linear transformations of Q"+^ by setting 

A 6* 
1 

Fix V G Q" and let O = Vv he the orbit of v under F in Q". Since F is finitely 
generated the points of O have coordinates in the ring of S'-integer (that is their 
denominators have all of their prime factors in the finite set S). In what follows, we 
will suppress the behavior of our points at these places in S and we will even extend 
5 to a fixed finite set S' when convenient. This is done for technical simplicity and an 
analysis of what happens at these places can probably be examined and controlled, 
but we will not do so here. 

Denote by Zcl(C') the Zariski closure of O in Aq. Let / G Q[a;i, . . . and de- 
note by V{f) its zeros, we will assume henceforth that d\m{V{f) fl Zcl(C')) < 
dim(Zcl(0)), i.e. / is not constantly zero on any of the irreducible components of 
Zcl(C'). We seek points a; e O such that f{x) has at most a fixed number of prime 
factors outside of S (or an enlarged S'). For m > 1 and S' fixed (and finite) set 

(1) Om.S' '■= {x e 0\ f{x) has at most m prime factors outside 5*'}. 

Thus Oi,s' C 02,s' C O = iJ^^^O„,,s' and Uj;?^i Zcl(a„,s') C Zcl(O). We 
say that the pair (O, /) saturates if Zcl(C') ~ Zc^O^.S') for some r < oo. In words, 
this happens if there is a finite set 5" of primes and a finite number r such that the 
set of points a: G C at which f{x) has at most r prime factors outside of S' (that is 
to say at most r prime factors as an S"-integer) is Zariski dense in Zcl(O). 

In |BGS10j many classical examples and applications of such saturation (or con- 
jectured saturation) are given. Here we simply point to Brun's original work. If 
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n = 1 and G — Zcl(r) contains no tori, then O (if it is infinite) is essentially an 
arithmetic progression. In this case, the pair {0,f) saturates by Brun's results, 
which assert that there are infinitely many a; G Z (infinite is equivalent to Zariski 
density in A^) such that f{x) has at most a fixed number r — rj prime factors. In 
this case after Brun, much effort has gone into reducing the number r (for example 
if f{x) = x{x + 2), then r/ = 2 is equivalent to the twin prime conjecture and rf = 3 
is known |Ch73| ). On the other hand in this one dimensional case if G = Zcl(r) 
is a torus, then it is quite likely that (C, /) does not saturate for certain /'s. For 
example if F = {2"| b G Z}, v = 1 and f{x) = (x — l)(x — 2), then standard heuristic 
probabilistic arguments (see for example |HW79[ Page 15] or [BLMSOS] for a related 
conjecture and heuristic argument) suggest that the number of odd distinct prime 
factors of (2™ — 2)(2'" — 1) tends to infinity as m goes to infinity. That is {0,f) 
does not saturate. 

This feature persists (see the Appendix) for any group which does not satisfy one 
of the following equivalent conditions for a group G ~ Zcl(F). 

(1) The character group X(G°) of G° is trivial, where G° is the connected 
component of G. 

(2) No torus is a homomorphic image of G°. 

(3) X{R{G)) = 1, where R{G) is the radical of G. 

(4) G/i?„(G) is a semisimple group, where i?„(G) is the unipotent radical of 
G. 

(5) G ~ Gss x U, where Gss is a semisimple group and U is a unipotent group. 

(6) The Levi factor of G is semisimple. 

If G satisfies the above properties, we call it Levi- semisimple.. We can now state 
our main result which is a proof of the fundamental saturation theorem that was 
conjectured in [BGSlOj . 

Theorem 1. Let F, O and f be as above and assume that G = Zcl(F) is Levi- 
semisimple, then (0, /) saturates. That is there are a positive integer r and finite 
set of primes S' such that Zc\{Or,s') — Zcl(O). 

Remark 2. (1) The condition on G which is quite mild and easily checked in 
examples, is probably necessary for saturation (in particular it is needed 
in executing a Brun like sieve), when considering all pairs {0,f) for which 
Zcl(F) = G. We discuss the heuristics leading to this belief in the Appendix. 
(It is worth emphasizing however that we have no example of a pair (O, /) 
for which we can prove does not saturate!) These heuristics indicate what 
we expect is the case, that the condition on G in the theorem is the exact 
one that leads to saturation. 
(2) The proof of the Theorem[l\is effective in the sense that given a pair (O, /), 
there is an algorithm which will terminate with a value r and the set S' . 
However without imposing strong conditions on F (such as it being a lattice 
in the corresponding group Gs, as is done in [ NSIO. ) the bounds for r that 
would emerge from our proof would be absurdly large and very far from the 
minimal r (called the saturation number in jBGSlO] ). 

We outline the proof of Theorem[T] We start by pulling back / to a regular function 
on G and reformulate Theorem [T] to the following form. 

Theorem 3. Let F be a finitely generated subgroup o/SL„(Q). Let G be the Zariski 
closure of F in (SL„)q and f £ Q[G] which is not constantly zero on any of the 
irreducible components of G. If G is Levi-semisimple, then there are a positive 
integer r and a finite set S of primes such that 

(2) Fr,s(/) ■— {7 G r| 7(7) has at most r prime factors outside S} 
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is Zariski dense in G. 



To prove Theorem [31 first we find a perfect normal subgroup H of G sucli that 
r n H is Zariski-dense in H and G/H is a unipotent group. Let tt denote the the 
projection map tt : G — 5- G/H. Since G/H is a Q- unipotent group, there is a Q- 
section (j> : G/H — )> G and, as a Q- variety, G can be identified with the product of H 
and U (see Section [5] for more details). Thus there are polynomials p and pi G Q[U] 
and regular functions fi G Q[M] such that gcd(pi) = 1 and 
(3) 



fi9)=p{<9)y 



^K(7r(g))L^(^(g))(/,)(.g) 



where Lg : Q[G] Q[G] is the left multiplication operator, i.e. Lg{f){g') = 

fig-'g')- 

In the second step, we prove the following stronger version of Theorem [3] for a 
unipotent group to get a control on the values of p and Pi's. 

Theorem 4. Let V be a unipotent Q-group. Let T be a finitely generated, Zariski 
dense subgroup o/U(Q),, and p,pi, . . . ,pm. S Q[U] such that gcd(pi) = 1. Then there 
are a finite set S of primes and a positive integer r such that, 

{7 G r I ^(7) has at most r prime factors in and gcd(pi(7)) is a unit in Z^} 

is Zariski dense in U. 



The major inputs in the proof of Theorem |4] are Malcev theory of lattices in Nilpo- 
tent Lie groups and Brun's combinatorial sieve. 

Using Theorem 21 in order to show Theorem |31 one needs to prove its stronger 
form for perfect groups which also provides a uniform control on r and S for all the 
coprime linear combinations of a finite set of regular functions /i's. We get such 
a control in two steps. Before stating the precise formulation of our results, let us 
briefly recall parts of Nori's results from jN87| and introduce a few notations. 

As we said earlier, F C SL„(Z5,-|) for some finite set of primes Sq. Let Q be the 
Zariski-closure of F in (SL„)zs|^. It is worth mentioning that G is just the generic 
fiber of Q. If G is generated by its 1-parameter unipotent subgroups, then, by }N87j . 
there is a finite set 6*0 Q Sr of primes such that 

(1) The projection map Q x Spec(Z5p) — s> Spec(Zsj,) is smooth. 

(2) AU the fibers of the projection map Q x Spec(Zsp) Spcc(Z5j,) are geo- 
metrically irreducible and have the same dimension. 

(3) 7rp(F) = Qpifp) for any p outside of ^r, where tTj, : F ^> SL„(f)3) is the 
homomorphism induced by the residue map np : Z ^ fp and Qp — G x 
Spec(fp). 

(4) Hp^Sr ^(^p) ^ subgroup of the closure of F in Ilp^So ^L„(Zj,) (where Zp 
is the ring of p-adic integers). 

For a given / G Q[G], there is a finite set S'r C S* of primes such that / G 'Zs[G] 
(we take the smallest such set). We say that p is a ramified prime with respect to 
F and /, if f{'y) G pZs for any 7 G F. We denote the set of all the ramified primes 
with respect to F and / by Sr.f- 

We also note that / G Q[G] can be lifted to a regular function / on all the n x n 
matrices (we pick one of such lifts with smallest possible degree) . 
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Theorem 5. In the above setting, if G is perfect and generated by its unipotent 
subgroups, then there is a positive integer r depending on T, the degree of f , a lift 
of f to , and #>S'r,/ such that Tr,Sr /(/) Zariski dense in G. 

To establish Theorem [51 we carefully follow the treatment given in the work of 
Bourgain, Gamburd and Sarnak [BGSIOJ and combine it with a recent result of 
Salehi Golsefidy and Varjii SVj3- Theorem [5] enables us to get a fixed r that works 
for all the linear combinations of a given finite set of regular functions fi's, as soon 
as we have a uniform control on the set of associated ramified primes. In the second 
step, we get a uniform upper bound on the ramified primes with respect to F and 
all the coprime linear combinations of /i's. 

Theorem 6. In the above setting, let G be Zariski- connected and perfect. Then 
for any finite set of primes S' and any given /i, . . . , /,„ G Q[G] which are linearly 
independent over Q, there are a positive integer r and a finite set S of primes 
such that Tr^sifv.g) is Zariski dense in G for any primitive integer vector v = 
(wi,...,w„i) and any g £ g{Zs'), where f^^g ^ Lg{YJ^^^Vifi). 

Using Theorem [6l we are able to finish the proof of Theorem [3l 

In this paragraph, we fix a few notations that will be used in the rest of article. 
Let n be the set of all the primes. For any rational number q, let I\-{q) be the 
set of all the prime factors of q (with a positive or negative power). For a Zariski- 
connected group G, let i?(G) (resp. i?„(G)) be the radical (resp. the unipotent 
radical) of G and let Gs^. :— G/i?(G) be the semisimple factor of G. If G is a 
Zariski-connected, Levi-semisimple group, then G ~ G^s x ^u(G). Let Z™ be the 
set of all the primitive m-tuple of integers. For any affine scheme X = Spec(^) and 
a regular function / on X , V{f ) denotes the closed subscheme of X defined by /, 
i.e. V{f) :={peSpec{^)|/ep}. 



2. The unipotent case. 

In this section, we prove Theorem [4l We start with the abelian case. 

Lemma 7. Let P{x) G l^x]; then there is a positive integer r — r(degP) which 
depends only on degP such that P{n) has at most r prime factors outside Sp = 
gcd,„g2P(TO) for infinitely many integer n. 

Proof. This is a classical result of sieve theory |HR74j . □ 
Lemma 8. For a given P{x) = '^^QdiX^ G l^lx], one has 

Sp C [l,degP] un(gcd Qi). 



Proof. It is clear. □ 

Lemma 9. For 7\f G Z and Pi(x), . . . , P^ix) G Zlx], there are integers a and b 
such that 

m k 



y n(gcd(P,(aj + 6), M)) C y 5p,, 



for any integer j . 



^This work relies in part on a number of recent developments f |H08l . IBG08I , IBGTlll . |PS| . 

El) 
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Proof. For a given prime p which is not in [J^^i Sp-, by the definition, for some i 
and bp, Pi{pj + bp) is coprime to p for any integer j. One can complete the argument 
by the Chinese remainder theorem. □ 

In the following lemma, we prove a stronger version of Theorem 2] when U = G^. 

Lemma 10. Let P, Pij G Z[xi, • • • , Xd] for 1 < i < m and 1 < j < m' . Assume 
that, for any I < i < m, gcd^i{Pij) = 1. Then there are a positive integer r, a 
finite set S of primes, and a Zariski dense subset X of if" such that for any x G X , 

(!) P(x) has at most r prime factors outside S. 

(2) ur:in(gcd™:i(p,,(x)))c5. 

Proof. We proceed by induction on d the number of variables. For d = 1 and any 
i, there are integer polynomials Qij such that X^JLi Qij{x)Pij{^) = rrii d Z. Hence 
for any x G Z, gcdJLi{Pij {x)) divides mi, and, by Lemma [71 we are done. 

For the induction step, without loss of generality, by increasing m if necessary, 
we may and will assume that Pij^s are irreducible polynomials. Viewing P^'s 
as polynomials on Xd, for any i, we can find polynomials Qij{xi, . . . ,Xd) such 
that J2"LiQi3^v ^ Qi ^ Z[xi,...,Xd-i]. Let Py = Y^i^f^x^j^, where h[^^ G 
Z[xi, . . . , Xd-i]- Since Py is irreducible, either P^ is independent oixd or gcAi{Hfj) = 
1. We also write P as a polynomial in Xd'. 

P{xi,. ..,Xd) = H{xi,. . . ,Xd-i)^Hi{xi, . . .,Xd-i)x]i, 

where gcd^ Hi = 1. Now let's apply induction hypothesis for the following polyno- 
mials: 

(1) Let H{xi, ■ ■ ■ , Xd-i) be the new P. 

(2) Let {Hi} be one of the sequence of coprime polynomials. 

(3) For a given i, either {Pij}j if all of them are independent of Xd or {Hf^}i 
where Pij depends on Xd- 

Because of the way we chose the sequences of polynomials, certainly, the g.c.d. of 
each sequence is 1, and we are allowed to use the induction hypothesis. So we get a 
positive number r, a finite set S of primes, and a Zariski dense subset X of A"*"^, 
such that for any x = (xi, • • • , Xd-i) G X, 

(1) i?(x) has at most r prime factors in the ring of S'-integers. 

(2) H(gcd,(i/.(x))) C S. 

(3) For a given i, either H(gcdj (Pij(x))) C if all of {Pij}j are independent of 
Xd or n(gcd;(iJj''p(x))) C S where P^ depends on Xd- 

Let us fix X G X, and set M — (3i(x). For a given i, if {Pij}j are independent of 
Xd, for all j, we have already got the condition on the g.c.d. of their value. So let us 
just focus on i's for which there is j such that Pij depends on Xd. For all such i and 

j, consider the single variable polynomials Vij{xd) = J2k ^ij^ i'^)^d- Let us also 
introduce V{xd) — J2 ^ii^)^d- Lemma[5]and Lemma[51 there is an arithmetic 
progression ax + b, such that for any x G Z, 

n(gcd(P(ax + 5), A/)) U y 7r(gcd(Py(ax + b),M)) C [1, degp + ^ degpy] U S. 
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Let S* = n n ([1, dcgV + J2i j degT^ij] U S). Thus, by this discussion and Lemma [HI 
we have that for any integer x and x G X, 

U y n(gcd(Py (x, ax + b))) C S. 
i 1 

Now classical sieve on V{ax + b) and induction hypothesis give us r such that for 
any x e X, we would be able to find an infinite subset of integer numbers Vx with 
the following properties: 

(f ) P(x, Xd) has at most r prime factors in the ring of S'-integers, for any 
(2) U.n(gcdj(P,,(x,a;d))) C S, for any Xd G V^. 

Hence r, S, and UxeA'i^} ^ ^ satisfy our claim. □ 

Lemma 11. A finitely generated subgroup of the group of unipotent upper-triangular 
rational matrices U„(Q) is discrete in U„(R). 

Proof. Let d^ = diag(A^"~^, A^"~^, • • • ,1). The claim is a clear consequence of the 
fact that 

U„(Q)- U d^i-U„(Z)-dAr, 

and if N divides M, 

• U„(Z) . dN C d-^} ■ U„(Z) • dM- 

□ 

Lemma 12. Let \5 be a unipotent Q-group. If T is a finitely generated, Zariski 
dense subgroup o/U(Q), then there is a lattice A in u = Lie(U)(R) such that exp(A) 
is a subset of F. 

Proof. By Lie-Kolchin theorem, U can be embedded in U,i, for some n, as a Q-group. 
Therefore, by Lemma [TTl F is a closed subgroup of C/ = U(M) . Hence by |Ra721 
Theorem 2.12], it is a lattice in U. So Aq the Z-span of logF is a lattice in u, and 
F = (exp(A)) is a finite extension of F. In particular, for some to, exp(mAo) is a 
subset of F, as we desired. □ 

Proof of Theorem^ Since U is a unipotent group, Lie(U) can be identified with 
the underlying Q-variety of U via the exponential map exp : Lie(U) V. Via 
this identification, we can and will view p and p^'s as regular functions on Lie(U), 
i.e. polynomials in d = dimU variables. By Lemma 1121 we find a lattice A of 
Lie(U)(R) such that exp(A) C F. Since the logarithmic map is defined over Q, A is 
a subgroup of Lie(U)(Q). Hence we can identify Lie(U)(Q) with Q'^ in a way that 
A gets identified with Z"*. Now one can easily finish the proof using Lemma [TUl □ 

3. The perfect case L 

The goal of this section is to prove Theorem [5l To do so, we essentially fol- 
low [BGSlOj . However we have to be extra careful as we need to understand how r 
and S depend on /. 

In this section, we will assume that the Zariski-closure F is perfect and it is generated 
by its unipotent subgroups. It is equivalent to say that G ~ Qss ix Rui'Sr) is perfect 
and Gss is Zariski-connected and simply connected. 
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Proposition 13. In the above setting, let f be a non-zero element of Q[G\ and let 
f be a lift of f to Aq . Then there is a positive integer M which depends only on 
the degree of f such that V{f) has at most M geometric irreducible components. 

Proof. Let gi G Q[A^ ] be defining relations of G. So V{f ) is isomorphic to 

Spec(Q[a;i,. . . ,XN2]/{f,gi, . . . ,gfe)). 

We also notice that the number of irreducible components of a subvariety of 

is the same as the number of irreducible components of its closure in . On the 

other hand, by general Bezout's theorem [SchOO] . we have that 



J2 deg < deg V{f) ■ [] deg V{g^ 



where Wi are the irreducible components of the projective closure of V{f). This 
complete the proof. □ 

Lemma 14. Let V be a closed subset o/A"^ defined over fp. If f is a non-trivial 
extension offp anc? Aut(f) acts simply transitively on the geometric irreducible com- 
ponents of V , then 

where the constant depends only on n, the geometric degree and the geometric di- 
mension of V . 

Proof. By the assumption, V — UCTeAut(f) ^^'^ dim{W (IW^) < dim V^ — 1 when 
a is not identity. It is clear that V = n(jGAut(f) ^^^^ defined over fp. We 

claim that 

V{fp) = V'ifp). 

To show the claim, we note that any irreducible component is also affine. Let 
xq e V{fp). Then Xq G W" for some a S Aut(f), i.e. /(xq) = for any / G 
f[xi, . . . , Xn] which vanishes on . Let / = J2j ^jfj where {Xj} is an fp-basis of f 
and fj G fp[ ]. Thus /j(xo) G fp. Since Aj's are linearly independent over 

fp and Ajfj(xo) = 0, we have that fji^o) = for any j. Hence (t'(/)(xo) = 
for any a' G Aut(f), which completes the proof of the claim. We can also control 
the degree of V by the degree and the dimension of V. Hence, by |FHM94[ Lemma 
3.1], the Lemma follows. □ 

If is a closed subset of Aq, by the definition there are polynomials pi, . . . ,pk G 
Q[xi, . . . ,Xn] such that V — {p e SpecQ[xi, . . . ,a;„]| (pi, . . . ,pk) C p}. For a large 
enough prime p, we can look at pi's modulo p and get a new variety Vp over fp. 
Changing p^'s to another set of defining relations only changes finitely many Vp. 
Hence for almost all p, Vp just depends on V. We will abuse notation and use V^(fp) 
instead of Vp{fp) in the following statements. 

Proposition 15. Let V be a closed subset o/Aq all of whose geometric irreducible 
components are defined over k and the group of automorphism Aut(fc) of k acts 
simply transitively on the geometric irreducible components of V . Then for almost 
all p, 

I 0{p'^^™^~^) if p does not completely split over k, 

~ [deg(fc) p'i™^ + 0(/™^-3) otherwise, 

and the implied constants depend only on n, the degree of k, the geometric degree 
and the geometric dimension ofV. 
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Proof. Let W be an irreducible component of V; then, by the assumption, we have 
V = UcreAut(*:) ^"^j ^"^'s are distinct irreducible components of V and 

^. = U U 

p|p(TeAut(fp) 

where Wp is defined by defining relations of W modulo p (it is well-defined for almost 
all p). Let Vp = UaGAutCfp) ■ Noether-Bertini's theorem, Wp is irreducible 
for almost all p. In particular, 

dim(Vp, n VpJ < dimV - 1, 

for pi 7^ p2 and the degree of this variety has an upper bound which only depends 
on the degree and the dimension of V. Hence, by [FHM941 Lemma 3.1], 

where the constant just depends on the degree and the dimension of V. By 
Lemma [HI #Vp(fp) = 0(p'^™^^^) unless p completely splits over k. If p com- 
pletely splits over k, Vp is an irreducible variety. Thus, by Lang- Weil |LW54j . we 
have that 

where the constant depends on n and the degree and the dimension of V , which 
completes the proof. □ 

Corollary 16. Let V be a closed subset o/Aq. Then there are number fields ki's 
such that 

W{fp)^i E deg(fc.)J /""^ + 0(/'-^-^), 

\v completely splits/ ki J 

where the constant depends only on n, the geometric degree and the geometric di- 
mension of V . Moreover ^^degfe^ is at most the number of geometric irreducible 
components of V . 

Proof. This is a direct corollary of Proposition [TSl and jFHM94[ Lemma 3.1]. □ 

Corollary 17. In the above setting, there exists a positive integer AI depending only 
on the degree of f such that one can find number fields ki 's where ^ ^ deg ki < M 
and such that for almost all p. 

Wimp) = I E deg(A:,) j + 0(/"-«-i). 

\p completely splits/ ki J 

Proof. This is a consequence of Proposition [T3l and Corollary [TBI □ 

Since we assumed that G is perfect and Zariski-connected, we can find a free Zariski- 
dense subgroup of F (e.g. see |SV| ). So without loss of generality, we can and will 
assume that F is a free group. 

Let us also recall that since F is finitely generated, it is a subgroup of SL„(Z5q). Its 
Zariski-closure in (SL„)zs^ is denoted by Q. As we said in the introduction, when- 
ever G is generated by its unipotent subgroups, the closure of F in Jlp^Sr SL„(Zp) 
is equal to Up^Sr '3{'^p)- 

Let TTd : F — )■ SL„ (Zsj, ^ /d'Esr / ) be the homomorphism induced by the quotient 
(residue) map tt^ : Zgj, ^ — "Lst f/d'^Sr / for any d which is not a unit in the ring 
of S'r, /-integers. If d is a unit in the ring of Stj integers, we set tt^ to be the 
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trivial homomorphism. Let T{d) := ker^Tr^). By the definition it is clear that if 
TTdhi) = 7rd(72), then iTdifiji)) = 7r<j(/(72))- 

Lemma 18. Let Nf{d) = #{Trd{j) s.t. T^difil)) = 0}. Then Nf{d) is a multiplica- 
tive function for square free integer numbers d. 

Proof. For any square-free integer d, let dr./ = Y[p\dp^SrfP' notice that 

■""^(7) = ''''dr / (7) ^^'^ ^Sr/Z'^^Sr/ isomorphic to Z/d^jZi. Thus Nf(d) — 
Nfidrj). 

On the other hand, we know that the closure of T in Jlp^Sr SL„(Zp) is equal to 
Up^Sr ^(^p)- I^e'^ce 

(4) T/T{d)c^l[T/T{p)^l[gpifp), 

p\dr p\dr 

where dr = Up\d.,p^Sr P- Therefore Nf{d) = Up\drj #^(/)(fp)' ^J^ich completes 
the proof of the Lemma. □ 

In order to prove Theorem [5l we use the combinatorial sieve formulated in [BGSlOj . 
However we need to adjust some of the definitions before we could proceed as we 
are working with rational numbers instead of integers. Let /r : F ^ Z"*" be the 
following map 

/r(7):- n l/(7)lp' = 1/(7)1 H l/^lf' 

PiSrj P&St.j 

where | • | is the usual absolute value and | • |p is the p-adic norm. We notice that 
/r(7)^Sr,/ = /(7)^Sr,/- In particular, Trd{f{l)) = if and only if T:d{fv{l)) = 0. 

Let F be freely generated by £7, d^±i{-, •) = d{-^ •) the relative word metric, ^(7) — 
d{1, 7) and 

an{L) = #{7 e F| /(7) < L, /r(7) = n}. 

Let hllsr,/ = max{||7||, ||7||p| p G Srj}, where ||7|| (resp. ||7||p) is the operating 
norm of 7 on M" (resp. Qp). It is clear that, if ^(7) < L, then ||7||sr / is at most 
C^, where C — max{||7||5j, f \ J ^ Hence 

(5) /r(7) < Cf ■ cd°g/(#Sr,/+i)-L^ 

if ^(7) < L. We also observe that if a„(L) ^ 0, then n has no prime factor in Srj- 
Following the same computation as in |BGS101 Pages 18-20] and using the main 



result of Salehi Golsefidy and Varjii |SV| . for any square free d, we have that 

(6) ^a„(L) =/3(d)X + r(d,{aJ), 

d\n 

where X = ^n^n{L), \r{d,{ai})\ <^ Nf{d)X'^, t < 1 is independent of the choice 
of the regular function /, and, if d has no prime factor in Sr.f, then 

(7) m- "'<■" 



#r/r(<i)- 

If d has a prime factor in Srj, then l3{d) = 0. 

Lemma 19. In the above setting, /3 is multiplicative on the square-free numbers d. 
Moreover there is ci a positive real number ( which may also depend on f) such that 
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Proof. By Equations (|1]) and (O , and the proof of Lemma [TSl we have that 

if d does not have a prime factor in Srj and l3{d) = if d has a prime factor in 
Sr.f- Hence /3 is a multiphcative function for square- free integers and, for almost all 
p, by Corollary [T71 we have that < M /p, where M just depends on the degree 
of /. We also notice that (3{p) < 1 for any p from which the Lemma follows. □ 

Lemma 20. In the above setting, for any positive integer number D and any positive 
number e, we have 

d<D 

where the constant only depends on e and the degree of f. 

Proof. By the above discussion, we know that \r{d, {ai})\ ^ Nf{d)X'^. On the 
other hand, 

Nfid) = n ^f(p) ^ n 

PMr,/ PMr,/ 

where C only depends on the degree of /. Thus 

Nf{d) < c"^^^™^-l+^ 

where C" only depends on e and the degree of /. Hence 

^ |r(d,{aJ)|«X-i^'^™«+^ 

d<D 

as we wished. □ 
Lemma 21. In the above setting, there are constants T , Cf and tf such that 

(1) T depends on the degree of f . 

(2) tf < T, 

(3) IEt„<p<^/3(p)logP-i/log|;| < c/, /or max ^r,/ =po <w<z. 
Proof. By Equation ^ and Corollary [iTl 

Epo<p<. Pip) logP = Epo<P<. (Ep completely splits/fe, deg(fc,)) ^ + 0(1) 

= deg(A:.) Ep„<p<.&c...A. ^ + ^(l)- 
where the constant and fc^'s depend on / and Ei deg(fci) has an upper bound which 
only depends on deg/. By Chebotarev's density theorem, we have 

p{)<.p<.zl<zc.s. / ki 

Hence 

^ P{p) \ogp - log ^ + 0(1) = l«g ^ + 

Po<P<z i 

where tf < T for some T which depends only on the degree of /. We also notice 
that the implied constants might depend on / but they do not depend on w and z, 
which finishes the proof. □ 
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Proposition 22. In the above setting, there is a positive number T depending on 
the degree of f such that for z = x'^^^'^^'l'^"^'^'^™^'^^^^ and large enough L we have 

{log XYf ^ ""^^^ ^ (logX)*/' 

^ *= ' n(ri)n[i.z]=0 ^ ' 

where tj <T and the implied constants depend on f and T. 

Proof. This is a direct consequence of tlie formulation of a combinatorial sieve given 
in jBGSTO] . Lemma fT9l Lemma [20l and Lemma [2T] □ 

Corollary 23. In the above setting, there are constants r and T such that 

(1) r only depends on deg/, #5r./ and F. 

(2) T only depends on deg/. 

(3) For large enough L ( depending on f ), we have 

— '^yr ^ #{7 G r| ^(7) < L, /r(7) has at most r prime factors}. 

Proof. If 7 contributes to the sum in Proposition 1221 then any prime factor of 
/r(7) is larger than x^^^^^/^^^'^^'^+i). On the other hand, by (P, we have that 
/r(7) < Cf ■ C''^°g/(#'Sr,/+i) i^ Thus the number of such factors is at most 

9T(log Cf + L{#Sr. f + 1) deg / ■ log Mo)(dim G + 1) 
(l-r)(L + l)log#l] 
So, for large enough L, the number of prime factors is at most 

9{#Sr,f + l)deg/ - T- (dim(G+ 1) • logA/o 
_ ' {l-T)\og#n 

which finishes the proof of the Corollary. □ 

Proof of Theorem\^ This is now a direct consequence of |BGS10[ Proposition 3.2] 
and Corollary [121 □ 



4. The perfect case IL 



In this section, we prove Theorem [5] We assume that the Zariski-closure of V is 
perfect and Zariski-connected. 

Lemma 24. It is enough to prove Theorem [5| when the semisimple part of G is 
simply connected. 

Proof. Since G is equal to its commutator subgroup, its Levi component is semisim- 
ple and, as it is also Zariski-connected, G ~ Gss ^ Rui'G) as Q-groups (see |M55j 
or [PR941 Theorem 2.3]). Let Gss be the simply connected covering of Gss and 
G = Gss ^ -Rii(G). Thus we have the following short exact sequence 

1 ^ /i ^ G 4 G ^ 1, 

where fj, is the center of G. Let F = t^^(r) and A = FnG(Q). One has the following 
long exact sequence 

^ G(Q) 4 G(Q) ^ H\Q,^l). 

Thus r/i(A) is a finitely generated, torsion, abelian group, and so it is finite. As /i 
is also finite, F/A is also finite. Therefore A and t(A) are Zariski-dense in G and G, 
respectively, as G and G are Zariski-connected. Moreover A is finitely generated as 
F is finitely generated and F/i(A) and /i are finite. 
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Now let US take a Q-embedding of G in SL^v for some N' . It is clear that we can 
find a finite set S of primes such that 

(1) A C SL7V'(%) and T C SLAr(Zg). 

(2) L can be extended to a map from Q to G ^ Spec{Zg), where Q is the Zariski- 
closure of A in (SLAr/)z^. 

Now let /* G Q[G] be the pull back of fi. Clearly /*'s are Q-linearly independent. 
So if Theorem |6] holds for G, then there are r and S such that Ar,s(/* i) is Zariski- 
dense for any v G Z™. By the definition, this means that i(A)r,s(/v,i) is Zariski- 
dense. By the above discussion, we have that r,-^s(/v,i) is Zariski-dense for any 
vGZ™. 

Now we shall assume that / G l^slG] is not constant and t(A)r.s(/) is Zariski-dense 
for a positive integer r. We would like to show that after enlarging S, if necessary, 
we have that t(A)r,s(ig(/)) is also Zariski-dense for any g G G{Zs')- Without loss 
of generality, let us assume that S contains both S' and S. Now let /* G Zs[^] be 
the pull back of Lg{f). By a similar argument to the above it is enough to show 
after enlarging S we have that Ar,s(/g) is Zariski-dense in G for any g. To get such 
a result it is enough, by Theorem [5l to get a uniform bound on the degree of lifts of 
/* and a uniform upper bound for their sets of ramified primes. The claim on the 
degree of these functions is clear. Now let p be a ramified prime of /*, this means 
that for any A G A we have that /*(A) € pZs- Hence 7rp(/(5~^i(A))) = 0. Thus by 
[N87| we have that a coset of i{Gp{jp)) is a subset of V{f){jp). This implies that 

(8) #V^(/)(fp) 

where the implied constant just depends on G. By Corollarv fTTl (|H]) cannot hold 
for large enough p unless it is a ramified prime of /. This completes the proof of 
Lemma 24. □ 

For the rest of this section, by Lemma [Ml we can and will assume that the semisim- 
ple part of G is simply connected. Let us continue with a few elementary lemmas 
in commutative algebra. 

Lemma 25. Let A be a finitely generated integral domain of characteristic zero. 
Then there exists a finite set S of primes such that Ag = A >S>z 'is a free Z5- 
module. Moreover there are <Q^- algebraically independent elements Xi^. . .^x^i in A, 
such that As is a finitely generated Z5[xi, . . . , Xd]-module. 

Proof. By the assumptions, is a finitely generated Q-intcgral domain. By 
Noether normalization lemma, Aq_ is an integral, and so finite, extension of a poly- 
nomial algebra i?Q = Q[a:i, . . . ,Xd\. Now one can easily find a finite set of prime 
numbers 5, such that As is a finite extension of Bs = Z5'[xi, . . . , x^], i.e. it is 
a finitely generated Bs-module. Let L {K, resp.) be the field of fractions of As 
{Bs, resp.). Since Bs is integrally closed and L/K is a separable extension, there 
is {vi, . . . ,Vn} a iiT-basis of L such that 

As C BsVi ® BsV2 ® • • • ® BsVn, 

(see |AM69[ Proposition 5.17]). Hence As is a Zs-submodule of a free module, and 
so it is a free Zg-module. □ 

Corollary 26. Let A be as above. If ai, . . . ,am are Q-linearly independent ele- 
ments of A, then there is a finite set S of primes such that ai (mod p) 's are linearly 
independent over fp, for any p G H \ 5. 



Proof. This is a direct consequence of Lemma 1251 



□ 
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Definition 27. For any P(T) = J2i ^i^^' in the ring of polynomials with coefficients 
in Q[xi, . . . ,Xd\, we define the height of P to be 

H{P) = max{degCj}. 

i 

Lemma 28. Let As be a finitely generated 2.3 -integral domain which is a fi/riite 
extension of a polynomial ring Bs = Z5[xi, . . . , x^]. If ai, . . . ,am are Q-linearly 
independent elements of A, then there exists D > 0, depending on 's, such that 
any integer combination of 's satisfies a monic polynomial over Bs whose height 
is at most D. 

Proof. We prove the lemma for m = 2 and the general case can be deduced by 

induction. Let P^ and Pp be monic polynomials with coefficients in Bs which are 
satisfied by a = ai and /3 = 02, respectively. It is clear that, for any integer n, 
there is a monic polynomial Q{T) G Bs[T] such that Q(nT) = n'*^s^"P„(7'). In 
particular, na satisfies a monic polynomial in Bs[T] with height at most equal to 
H{Pa) and degree at most deg(Pa)- Thus it is enough to show that a + /3 satisfies a 
monic polynomial over Bs whose height is bounded by a function of H{Pa), H{Pp), 
deg(P„) and deg(P^). 

Let x — a'^^\ . . . ,x — a*^"^' and x — f3^-^\ . . . ,x — /J^"^) \yQ ^j^g linear factors of Pa{x) 
and P/six), respectively, in an extension of the field of fractions of A. So a + 13 
satisfies 

P„+^(x) = nn(.i;-aW-^W). 

i=ij=i 

On the other hand, consider the m + n2 + 1 variable polynomial 

111 »12 

P(r,ai, . . . ,a„,,/3i, . . . ,/3„J = n Hi^ -at- pj). 

Since P is invariant under any permutation of aj's, there are linearly independent 
symmetric polynomials <S„'s in a^'s and polynomials Q„ in T and /3j's such that 

P(T, ai, pj) = J2 Qn{T, Pj)Sniai) & deg Q„ + deg 

n 

As P is also invariant under any permutation of /3j's, we have 

P{T,ai,pj) = ^Sn{ai)S'^iiPj)Qni{T) & deg^^ +deg5;; < nma, 

where *S^;'s are symmetric polynomials in /3j's. Thus 

n,l 

Moreover 5„(aW),5;;(/3(^)) e Z[xi, ...,Xd\ and 

deg(5„(a«)5;;(/3(^))) <D = Z)(ff(P„), F(P^), deg(P„), deg(P^)), 
which finishes the proof. □ 

Proposition 29. Let G = Zcl(r) be a Zariski- connected perfect group such that its 

semisimple factor is simply- connected. Let f G 'Q)[G] be a non-zero function and let 
S' be a finite set of primes. Then there is a finite set S of primes such that 

U U C S. 



14 



ALIREZA SALEHI GOLSEFIDY AND PETER SARNAK 



Proof. Since Gss is simply connected, by Nori's theorem |N87) . the closure of F in 
ripenxsr SLnC^p) is equal to Hpenvsr ^(^p)- In particular, #7rp(r) = #Qp{'\p) = 
p'^ + 0{p'^^^), for any p G 11 \ S'r, where d = dimG. 

We also notice that by a similar argument as in Lemma [24l a large enough p is a 
ramified prime of /v.g if and only if it is a ramified prime of /v,i- So it is enough 
to prove the proposition only for /v — /v.i's. 

On the other hand, by Corollary [26l there is a finite set 5*1 of primes such that fiS 
modulo p are linearly independent over fp. Also, by Lemma 1251 there is a finite 
set 5*2 of primes such that Z^^ [Q] is a finite extension of a polynomial ring over 
Zs3. Let p e 5rxrii-./. \ (^r U 5i U ^2), where v e 17^. So v^h) = 0, 

for any homomorphism (j) : 'L[Q] — > fp. Any such homomorphism can be extended 
to a homomorphism from 1j[Q] <E) Z53 to fp. Let A — ^[0]. We have that is 
a finite extension of -653 — ^53 [2^1, ■ • ■ ^Xd]- Hence there is a positive number Di 
(independent of v) such that at most Di homomorphisms (p '■ ~^ fp have the 
same restriction on Bs^. In particular, 

(9) : B53 ^ fp : 30 e Hom(As3, fp) s.t. 0' = 4>\bs, } > 

On the other hand, by Lemma 1281 there is a positive number D2 depending only 
on /i's such that /v = J^i'^ifi satisfies an equation of degree at most D2 

(10) 5]ci^V; = o, 

i 

where c^^^ G Bs^ and degc|^^ < 1)2 ■ Thus, for any (j) G Hom(A53,fp), we have 
(j)(f^) = as p is in Sr,u \ (Si U ^2 U Sr). Hence, by Equation ([10]), (/)(cj''^) = for 
some i. Therefore, by ([9]), we have 

(11) W(Y[^'r^)(M = e Hom{Bs,^f,) : cj^'iHc^^) = 0} > 

Notice that, since p ^ S2, /v(mod p) is not zero and neither is Yli c|^''(mod p). Thus 
(see [ScTi] ) 

(12) #T^(nc!"^)(fp) < deg(ncr^)/-' < ^2""^/-^ 

i i 

Proposition now follows from PH and (fT^ . □ 
Lemma 30. /n i/ie above setting^ for any g G SLAr(Q) and v G 

degig(V'ui/i) < maxdeg/i. 



Proof. It is clear. □ 

Proof of Theorem It is a direct consequence of Theorem [SJ Proposition 1291 and 
Lemma |30l □ 



5. The general case. 

In this section, we complete the proof of Theorem |3l To do so, first we reduce it to 
the case of Zariski connected groups, and then carefully combine the perfect case 
with the unipotent case. 
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Lemma 31. // Theorem\^ holds when G is a Zariski connected group, then it holds 
in general. 

Proof. Let r° = F n G° , where G° is the connected component of G containing the 
identity element. Since F is Zariski dense in G, G/G° ~ r/F°. Let {7^} be a set of 
coset representatives of G° in G chosen from F. Hence 

z{f)^\Jj,iG''nziL.,im- 

Let i : — > be the homomorphism induced by the restriction map. Then 

by the assumption on the dimension of Z(f), L{L^.(f)) are non-zero, and clearly for 
any choice of finite sets of prime numbers S^s and positive integer numbers r^'s, 

finishing the proof of the lemma. □ 

From this point on we will assume that G is Zariski-connected. Thus all of its 
derived subgroups are also connected. Let us recall that derived subgroups are 
defined inductively, G(°) = G, and G'^'+^^ = [G^^\G^% 

Lemma 32. (1) Let G be Levi-semisimple. Then G^*^ is also Levi-semisimple, 
G/G^*'' is unipotent, and G is homeomorphic to G/G'*-* x G''-* ,, as a Q-variety. In 
particular, if G is solvable and Levi-semisimple, then it is unipotent. 
(2) F^*) is Zariski dense in G^'^\ for any i. 

Proof. If G is Levi-semisimple, G ~ G^s x Ru{G) as Q-groups. Therefore for any 
i, G(*) = G^, x U„ for some Q-subgroup of i?„(G). Using [5p98l Theorem 
14.2.6], Ru{G) is homeomorphic to Ru{G)/Vi x Uj, as a Q- variety, and so G is 
homeomorphic to G/G^*-' x G*^*-' as a Q- variety. The other parts are clear. □ 

Since G is connected, for some i < dimG, G*^*^ = G'^'^"'^-'. Let us call 

jj^ jj(dimG) 

the perfect core of G. Note that the perfect core might be trivial. 

Proof of Theorem\M By Lemma El Q[G] ~ Q[H] Q[G/H] and U = G/H is a 
unipotent Q-group. Let tt : G ^ G/H be the projection map and </> : G/H ^ G a 
Q-section. Hence </) o tt is a Q-morphism from G to itself. Thus there is a finite set 
5' of primes such that 

0o7r(F) C g{Zs'). 

Let n be the Zariski-closure of F(^) = F n H in (§LAr)zs . By Lemma we can 
find a finite set S of primes and a Zg-basis of ZsqI'H] (Si Zg. So / is mapped to 
Y^iLi Qi ® for some Qi G Q[U], which means that for any 5 e G we have 

m m 

/(ff) ^^Ql{■^{9))a^{(|){^T{g)y^9) ^^Qr{'K{g))L^(^(g)){ai){g). 

1=1 i=l 

Let P = gcdj((5i) and Pi = Qi/P. Applying TheoremHto 7r(F), P, and P^'s, we 
can find a positive integer r, a finite set S" of prime numbers, and a Zariski dense 
subset X of 7r(F) such that 

(1) P{u) has at most r prime factors in the ring of S"-integers, for any w G X. 

(2) H(gcd(Pi(u), . . . , P™(m))) C S', for any u e X. 
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By the definition, any u d X is equal to 7r(7„) for some 7„ G F. We can identify G 
witli U X H as Q-varieties via 

{u,h) ^ (j){u)h k {n{g),(l){TT{g))-'^g). 

For any u & X and 7h £ F^^^^ we liave tliat 

(13) 7„7h ^ (u, (?!)(u)~^7„7h), 
and 

m 

(14) /(7«7h) = '9»(")^7-V(«)(«0(7h)- 

1=1 

On the other hand, by the above properties and Theorem [HI there are a positive 
integer r' and a finite set S'" of prime numbers such that, for any u 6 X, 

(m \ / rn \ 

P(u)^P,(^)i^-.,(„)(aOj =fW„, fEQ'H^-0H(«^)j 

is Zariski dense in H. Therefore (j){u)^^'^uYu is also Zariski dense in H, for any 
M G X, as 7^V(w) e H. Thus 

X= \J{u}x (b{u)-'juYu 
uex 

is Zariski dense in U x H, and, by Equations p3)) and ([14]), we are done. □ 



6. Effectiveness of our arguments. 



In order to avoid adding unnecessary complications, we did not discuss the effec- 
tiveness of our argument in the course of the paper. In this section, we address four 
issues from which one can easily verify that our arguments are effective. 

(1) Let F be the group generated by a finite subset S of GL„(Q). Let G be the 
Zariski-closure of F and assume that G is Zariski-connected. Then in the 
course of our arguments (e.g. proof of Proposition [13]), we need to be able 
to compute a presentation for G, i.e. compute a finite subset F of Q[GL„] 
such that Q[G] ~ Q[GL„]/(F). 

(2) Computing the irreducible components of a given affine variety and an ef- 
fective version of Noether-Bertini theorem is needed in the proof of Propo- 
sition [T5j 

(3) The spectral gap of the discrete Laplacian on the Cayley graphs of 7rq(F) 
with respect to 7rq(r2), where J7 is a symmetric finite generating set of F, if 
the connected component of the Zariski-closure of F is perfect. 

(4) An effective version of Nori's strong approximation theorem is needed in 
various parts of this article, e.g. in understanding the density of the sieve. 
We need a more or less equivalent formulation. To be precise, we need to 
say that 7r^(F) = Y\p\q ^(fp) if F is a Zariski-dense subgroup of G and G is 
generated by its Q-unipotent subgroups. 

The first three items are dealt with in |SV) . [SVi Lemma 62] gives us the first 
item. In order to get the second item, first we use |BW93[ Chapter 8.5], to compute 
the primary decomposition of the defining ideal of the variety, which gives us the 
irreducible components. Then we use |SV[ Theorem 40] to get an effective version 
of Noether-Bertini theorem. In fact, |SV[ Theorem 40] proves an effective version 
of [G691 Theorem 9.7.7 (i) and Theorem 12.2.4 (iii)] which is a generalization of 
Noether-Bertini theorem. The third item is the main result of iSV^ and they also 
show that their result is effective. 
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Let r be the group generated by a finite subset il of SL„(Z5g). Let Q be tlie 
Zarisfci-ciosure of F in {Ehn)zsg ^-nd Gp — G x Spec(fp). 

Theorem 33 (Effective version of Tlieorem 5.4 in IN87) ). In the above setting, 
assume that the generic fiber G of G is generated by Q-unipotent subgroups. Then 
there is a recursively defined function f from finite subsets of SL„(Q) to positive 
integers such that for any square-free integer q with prime factor at least /(^i), we 
have 

p\q 

where F ~ and p runs through the prime divisors of q. 

Remark 34. (1) In |N87) . it is said that (the non-effective version of) Theo- 
rem \33\ can be deduced from }N87[ Tfieorems A, B and C] and the reader is 
referred to an unpublished manuscript. As we need the effective version of 
this result, we decided to write down a proof of this statement. 
(2) In the appendix of iSV) . the effective versions of |N871 Theorem A, B and 
C] are given. Furthermore jSVl Theorem 40] provides an effective version 
of p?87l Theorem 5.1], when G is perfect. 

Lemma 35. Let {Gi\i£i be a finite collection of finite groups such that Gi and 
Gi' do not have a (non-trivial) common homomorphic image for i ^ i' . Let H be a 
subgroup of G = Gi. If the projection ■ni{H) of H to Gi is onto, i.e. 'Ki{H) = Gi, 
then H = G. 

Proof. We proceed by induction on the order of G. Let Hi = Gi D H. Since 
TTi{H) — Gi, Hi is a normal subgroup of Gi. Let G- :— Gi/Hi, H' := H/ ]f[- Hi and 
G' :— Gi/Hi. It is clear that Tri{H') — G[ for any i. li Hi ^ 1 for some i, then 
|G| > |G'|. Hence by the induction hypothesis we have that H' = G', which implies 
that H = G and we are done. So without loss of generahty we can assume that 

(15) i/nG, = 1, 

for any i. For a fixed ig, let H[^ be the projection of H to IliTtio ^i- 1^ is clear that 
7ri(iJj'^) — Gi for any i ^ i^. Hence by the induction hypothesis we have that 

(16) 7r,\{,„}(i/)- []G., 

where T^i\{io} is the projection to Ili/io ^i- Equations ([15]) and (|16l) . we have 
that G^Q is a homomorphic image of Oi^^io ^ normal subgroup of 

Yli=/=io ^« such that (Ili^^io Gi)/N ~ Gi(,. Then again by the induction hypothesis 
there is some ii ^ jg such that tt^^ {N) ^ Gi-^ . Thus Gig and G^^ have a (non-trivial) 
common homomorphic image, which is a contradiction. □ 

Proof of Theorem[M Let H = V'-<^'"'^\G). Then the generic fiber H of H is the 
perfect core of G and 2?(dimG)(p) cTD H(ZsJ is Zariski-dense in H. Since H is 
Zariski-connected, by |SV1 Lemma 62], we can find a finitely generated subgroup 
of p(dimG)^p-) ^Y^^^-^ jg Zariski-dense in H. Hence by [SVl Theorem 40] we can 
compute po such that for any p > po we have 

(17) 7r,iV^"HT))^np{fp), 

where Hp = H Xgp(,c(Zso) ^P'^'-(fp)- other hand, U = G/H is a unipotent 

Q-group and the image (/)(F) of F to U is a Zariski-dense group. We can compute 
an embedding of U to (GLm)Q for some m. By enlarging 5*0, if necessary, we 
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can compute the Zariski-closure U of 7r(r) in ((GL,„)z3^ and extend to a 'Lsa~ 
homomorphism from % to U. Using the logarithmic and exponential maps, we can 
effectively enlarge poj if necessary, to make sure that 

(18) 7rp(0(r))=iYp(f,), 

where Up =U Xspcc(Zs„) Spec(fp) and p > po- Hence by ([T7|) and ([T^ we have that 
7rp(r) — Gpifp), for any p > po. By |SV[ Lemma 64] we completely understand the 
composition factors of Qp{fp). In particular, if p and p' are primes larger than 7, 
then Gp{fp) and Gp'{fp') do not have a (non-trivial) common homomorphic image. 
Thus Lemma [55l finishes the proof. □ 



Appendix A. Heuristics. 



Finding primes or almost primes in very sparse sequences of integers is notoriously 
difficult and the most believable speculations are based on probabilistic reasoning. 
Such an argument for Fermat primes Fn = 2'^ +1 suggest that their number is finite 
|HW79[ Page 15]. Similar arguments have been carried out for other sequences such 
as Fibonacci numbers f BLMSOS] . Here we pursue such probabilistic heuristics for 
tori. 

Let F C GL„((Q)) be a (finitely generated) torus. That is to say it is conjugate to a 
group of diagonal matrices; there is 5 G GL„(_fi'), K a number field, such that 



(19) 
where 



g-^Tg C B{K) = {diag(ai. 



diag(ai 



ai 



The heuristics will show that there is an / e Q[A" ] for which not only does (F, /) 
not saturate, but Tr^sif) finite for every r and S. To this end, we can 

assume that g~^Tg is a subgroup of the 5-units of K for some finite set of places 
(with e — s> diag(cri(e), . . . , cr„(£)) and fJi's the embeddings of K). For simplicity 
we assume that S is empty and since the torsion is finite we can ignore it for our 
purposes. That is F is a free abelian group of rank t > 1 with generators 71, . . . , 74 
and F C GL„(Z). For x £ GL„(Q) let F{x) = Tt{x*x) e Q[A"'] be its Hilbert- 
Schmidt norm. It is clear from discreteness property of the log of units map and 
([T^ that for m — (mi, . . . ,mt) in Z* 



(20) 



4"' « Fill 



"^•••7D<4' 



|m| 



where Ai > A2 > 1 and the implied constants are independent of m. Fix v > t and 

set 

(21) f{x):^h{x)h{x) Ux), 

where 

f,{x)=F{x)+j, j = l,2,...,i/. 

The heuristic argument is that for each m G Z*, -^(7™^ ■■"7™') ^ "random" 
integer in the range (|20p and that fj{x) for j = 1, 2, . . . , are independent as far as 
the number of their prime factors. Actually there may be some small forced prime 
factors of / but these will only enhance the reasoning below. Now let r be a large 
integer and for m G Z* let p(m, r) be the probability that an integer in the range 
(|20p has at most r-prime factors. According to the prime number theorem 

[log(|ml + l)]'^-i 



(22) 



p(m, r) < 
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(again the implied constants being independent of m). 

Hence assuming that the number of prime factors of the fj, j — 1, . . . , are inde- 
pendent and that these values are "random" we see that pf{m.,r), the probability 
that /(7™^ • • -Tt"') has at most r-prime factors satisfies: 

(23) Pfim,r)« ^^^^ _^ . 
Hence since v > t 

(24) ^p/(m,r)<oo 

By the Borel-Cantelli Lemma it follows that the probability that there are infinitely 
many m's for which /(7™^ . • • 7™') has at most r-prime factors, is zero. That is for 
any r we should expect that ^rif) is finite! 

For a general F C GL„(Z) (or finitely generated in GL„(Q)) if G = Zcl(F) is not 
Levi-semisimple, then there is an onto Q-homomorphism (f> : G° — >■ T, where T is 
a non-trivial Q-torus. Hence A = (j){T) is a finitely generated subgroup of T(Q). 
Thus one can use the heuristics above to show there is an / G Q[T] such that Ar{f) 
is finite for any r. In particular, as in the proof of Theorem |3l Fj.(/) cannot be 
Zariski-dense in G for any r. The conclusion is that if we accept the probabilistic 
heuristics, then the condition that G be Levi-semisimple in Theorem [1] is necessary 
if we allow all /'s. 
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